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Abstract. Given P| , with k algebraically closed field of characteristic p > 0, 
and X (Z P| integral surface of degree d, let y = X n H he the general 
hyperplane section of X. We suppose that h^J^yi^) ^ a-nd f^'^-J^xis) ~ 
for some s > 0. This determines a nonzero element a e H^,^x{^) such that 
a ■ H = in ,J^x{s)- We find different upper bounds of d in terms of s, p 
and the order of a and we show that these bounds are sharp. In particular, 
we see that d ^ for p < s and d ^ — s + 2 for p ^ s. 



1. Introduction 

Let X (z P^., with k algebraically closed field of positive characteristic p, be an 
integral surface of degree d. Let Y = X n H he the general hyperplane section of X 
and consider a surface of degree s containing Y. In this paper we study the problem 
of lifting a surface of H of degree s containing F to a hypersurface in P^ of degree 
s containing X. In particular, we suppose that h'^J^yis) and h^J'xis) = for 
some s > 0. 

In the case that char k = the problem has been studied and solved by Mczzctti 
and Raspanti in |14j and in [16j , showing that d ^ — s + 2 and that this bound is 
sharp, and in [13] Mezzetti classifies the border case d = — s + 2. Other results 
concerning the lifting problem have been obtained in characteristic for curves in 
P^ (see |9, Corollary p. 147], |5j and [22j Corollario 2]) and for integral varieties of 
codimension 2 in P" (see, for example, [16] for n = 5, [20 for n = 6 and [19] for 
the general case). In the case that charp > the lifting problem has been studied 
for curves in P^ in [I]. 

In this paper, the starting point is that the non lifting section of H^,^y{s) 
determines a nonzero element a e H^^x{s) such that a ■ H = in H^^x{s)- 
The order of a is the maximum integer to e N such that a = /? • i?™ for some 
/? 6 H^J^x(s — TO — 1). For p < s we need to relate s and to. In particular, in 
Theorem 13] we suppose that p < s and we show that: 

(1) d ^ _ <, _^ 2 + p", if s ^ 2to + 3, with ^ to + 1 and > to + 1; 

(2) d ^ jf g ^ 2to + 2. 

As a consequence, we see that for p < s it must be d ^ s^. For p ^ s in Theorem |4] 
we show that d ^ — s + 2, which is the same bound as in the characteristic 
case. In Example [1] we see that the bounds given in Theorem |3] and in Theorem [4] 
are sharp. 

2. HiLBERT FUNCTION OF POINTS IN P^ 

Let us denote by X a zero-dimensional scheme in P^, where k is an algebraically 
closed field of any characteristic. Let Hx : N ^ N be the Hilbert function of X and 
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let us consider the first difference of Hx ■ 

AH{X, i) = H{X, i) - H{X, i - 1). 
It is known ^ tliat tliere exist ai ^ a2 ^ t sucli tliat: 

i + 1 for i = 0, . . . , oi — 1 

ai for z = fli, . . . , a2 — 1 

AH{X,i) = < fli for i = 02 

non increasing for i = a2 + 1, ■ ■ ■ ,t 

for i > t. 

Definition 1. We say that X has the Hilbert function of decreasing type if for 
a2 ^i < j <t wc have AH{X, i) > AH{X,j). 

The following is a result well known in characteristic (see [5] and PJ] Corol- 
lary 2]) and proved in any characteristic in [2, Corollary 4.3]. 

Theorem 1. Let C <^P^ be an integral curve and let X be its general plane section. 
Then Hx is of decreasing type. 

The following result will be useful in the proof of the main results of the paper. 

Proposition 1. Let X <z be a 0-dimensional scheme whose Hilbert function is 
of decreasing type. Let us suppose that h'^J^xis — 1) = for some s > and that 
one of the following conditions holds: 

(1) h^yx{s)^3; 

(2) /i°J^x(s) = 2 and there exists i eN such that AHx{s + i) ^ s — i — 2. 
Then deg X^s'^-s + i + 1. 

Proof. The proof is a straightforward computation and follows by the fact that the 
Hilbert function of X is of decreasing type. 
If h^J^x{s) ^ 3, then we see that: 

J ^^5(s + l) (s-2)(s-l) 2 1 2 

degX ^ — ^-^ — - + '-^ = .s-' - s + I < s'^ - s + I + 1. 

Let h^yx{s) = 2 and let us suppose that i = minjfc e N | AHxis + k) ^ s — k — 2}. 
Since Hx is of decreasing type, AHx{s + k) = s — k — 1 foi k ^ i — 1 and 
AHxis + k) ^s-k-2 for k^i. Then: 

degX ^ £(£±11 + (s _ fc _ 1) + (s _ _ 2) = - s + i + 1. 

□ 

3. FROBENIUS MORPHISM AND INCIDENCE VARIETIES 

In this section we show some results about incidence varieties and Frobenius 
morphism. First let us recall the definition of absolute and relative Frobenius 
morphism: 

Definition 2. The absolute Frobenius morphism of a scheme X of characteristic 
p > is Fx : X ^ X, where Fx is the identity as a map of topological spaces and 
on each U open set F* : ffx{U) ffx{U) is given by / /p for each / e ffx{U). 
Given X — >■ S" for some scheme S and X^^^ = X xs,Fs S, the absolute Frobenius 
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morphisms on X and S induce a morphism Fx/s '■ ^ X^l^ , called the Frobenius 
morphism of X relative to S. 

Given P" for some n e N, let us consider the bi-projective space P" x P" and let 
r 6 N be a non negative integer. Let fc[i] and k\x\ be the coordinate rings of P" 
and P", respectively. Let Mr (Z P" x P" be the hypersurface of equation: 

n 

hr •— ^ ' ii^i'^ — 0. 
i=0 

Note that in the case r = Air is the usual incidence variety M of equation 
^tiXi =0. If r ^ 1, Mr is determined by the following fibred product: 




pn ^ pn 



where F : P" ^ P" is the absolute Frobenius. 

Remark 1. M = P{^pr.{-1)), so that by [3, Lemma 1.5] Mr = P{F''* {.%r.{-l))) 
and by [71 Ch.II, ex. 7.9] we see that Pic{Mr) = Z x Z for any r ^ 0. Moreover, 
since we have: 

and i/^^jj;„ ^p„ (to, n) = for any m,n 6 Z by the Kiinneth formula [171 Ch.VI, 
Corollary 8.13], then any hypersurface V c Mr is the complete intersection given 
by g = hr = for some bi-homogeneous g 6 fc[t, x]. 

Let 77 6 P" be the generic point and and consider (/m^ • -^r P"- Then g^/ (77) 
is isomorphic to the hypersurface Hr of P" of degree such that, over the algebraic 
closure k{ri) of k{r]), (i?r)rcd is the generic hyperplane H of P". 

Proposition 2. f^M./P" k = F""" .;7H{-p'')■ 
Proof. The sheaf ^ = (-1)) = F''*^™ (-p'') is determined by the exact 
sequence ^ ^p-(-]5'') ^ ^p.®"+^ ^ ^ and, since = P(F'-*( (-1))), 
by [a Ch.III, Ex. 8.4(b)] we have also ^ f^M„/P" ^ PM^^iF"-* ■%^{-p'')) ^Gm, 
^M^(— 1,0) ^ i^Mr ^ 0. When we restrict to by the fact that the sequence 
locally splits it follows that the following sequence is exact: 

^ nM,.irAH ^ W//(F'-*=^p.(-p'-)) ®eM^ ^M„(-l,0)lff ^^H^O 

(2) ^ ^ ^^A/„/p"|H ^ F'^*^P" (-?'■) |h ^ ^ 0. 

Since ^p..(-l)lff ^ =%(-l)®^ff, thenF'-*^p,.(-p'-)|H = F^* .'7H{-pn®^H- By 
the fact that F''* S^h is stable (see [HI Ch.II, Theorem 1.3.2] and [HI Theorem 2.1]) 
and that h(F'^\^h(-p')) > 0, it follows that Hom(F'-* ^^^(-p'^), ^h) = and so 
by © also that I^m./p- ] ^ = F'' * ( -p'' ) . □ 
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Now we prove some results about the projection from a hypersurface in Mr to 
P". 

Theorem 2. Let (Z P" x P" be an integral hypersurface in M such that the 
projection tt : y — > P" is dominant and not generically smooth. Then there exist 
r ^ 1 and Vr a Mr integral hypersurface such that tt can be factored in the following 
way: 

V > P" 



Vr 

where the projection nr is dominant and generically smooth and Fr is induced by 
the commutative diagram: 



V 



Vr 



M > Mr 

FMr 

Proof. The proof works as in 1, Theorem 3.3]. Indeed, the proofs of Lemma 3.1 
and Proposition 3.2 in [1 works also for P" x P". □ 

Proposition 3. Let Vr c Mr be an integral hypersurface given by: 

'q{t,x)=0 



2 = 



.i=0 



such that the projection tt^ : ^ P" is generically smooth. Then iTr is not smooth 
exactly on the following closed subset ofVr: 



VrnVl x^P 



dq ^r- dq 



dt,. 



dt,. 



I z,j = 0, . . . ,n 



Proof. Let Pq = (a, 6) e Vr be such that Vr is not smooth in Pq. Then there exists 
A 6 /c such that: 



(3) 



dti 



for any i = 0, . . . ,n. 

If Pq is a regular point, then the projective tangent space Ty^.p^ aX Pq e. Vr is 
given by the equations: 



if r = and by the equations: 



i=0 
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if r ^ 1. In both cases the projection on Tp,,^(Pg) is not surjective if and only if 
there exists X e k such that: 




4. Lifting problem 



Let X <z P** be a scheme and, foUowing the previous notation, consider the 
projections ■ Mr P"^ and g^/,- : M,. P^. Let Tr = Pau^^{X) and: 



Proposition 4. If = J^r(0,0) and J't^ is the ideal sheaf of Tr in Mr, then 
A = ■ 



Let X he an integral surface of degree d. Let Y = X n H he the generic 

hyperplane section of X and let Z = Y n K he the generic plane section of Y. Let 
J^x he the ideal sheaf of X in P'*, the ideal sheaf of y in ^ P^ and J^z the 
ideal sheaf of Z in K ^P'^. Let us consider for any s e N the following maps: 



A sporadic zero of degree s is an element a e coker(7rs) = ker(0s). 

Definition 3. The order of a sporadic zero a is the maximum integer m such that 
a = (3 ■ H™-, for some /3 e H^^x{s — m — 1). 

Proposition 5. Let a be a sporadic zero of degree s and let h'^J^x{s) = 0. Then 
one of the following conditions holds: 

(1) degX ^ s2 - s + 1; 

(2) h^Jy^s) = 1 and h^^zis) = 2. 

Proof. Let q = min{i | /i°J^y(«) 7^ 0}. So q ^ s and by hypothesis there is an 
integral surface of degree q containing Y that does not lift to an integral surface of 
degree q containing X . In particular we have a sporadic zero of degree q for X and 
by [211 Theorem 2.1] we get a sporadic zero for Y of degree s' ^ q. By 2, Theorem 
4.1] this means that there is an integral curve of degree s' in K containing Z that 
does not lift to a surface in H of degree s' containing Y. However, by restricting 
the integral surface of degree q containing Y to K we see that d ^ qs'. 
If s' < s, then we see that deg X = deg Z ^ s^ — s. 

So we can suppose that q = s' = s, which implies that h^^z{s) ^ 1 +h'^J^Y{s) ^ 
2. If /i"^z(s) ^ 3, then by Theorem [T] and by Proposition [T] we get degX = 
degZ ^ — s + 1. So we can suppose that h^^z{s) = 2, which implies also that 



for every m, n e Z. 



Proof. The proof works as in T, Proposition 4.1]. 



□ 



n,: H°yx{s) ^ H°J^y{s) and (j)^: H^^xis - I) ^ H^yx{s) 



h"j^Y{s) = 1. 



□ 



The following result, together with Proposition [5l provides us with the tools for 
the proof of the main results of this paper. 
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Lemma 1. Let a be a sporadic zero of degree s and order m. Suppose that a 
determines a non-liftable integral surface R in H of degree s containing Y and that 
Ijl = (/) for some f e (s). Then for some r 6 N such that p*" ^ m + 1 there 

exist: 

(1) fi 6 H'^^h{s) for i = 0, ... ,4 such that the subscheme of H associate to 
the ideal (/, Xi^ fj — Xj^ fi\H, «, i = 0, . . . , 4) is a 1-dimensional scheme E 
(which can have isolated or embedded Q- dimensional subschemes) such that 

(2) a reflexive sheaf ,yY of rank 3 such that we have the exact sequence: 

(4) Q^^yV ^F-*nH{p'-)^J^E\R{s)^0, 
being ^e\r the ideal sheaf of E. 

Proof. Let r ^ and let J^r = Pa.u*^x- Given the generic point rj e and 
gM,. '■ Mr P^, we have seen that g^ (ry) is isomorphic to the hypersurface H,. of 
of degree p^ such that, over fc(ry), (-ffr)red = H. 

By proceeding as in [1] Theorem 1.2, Step 1 and Step 2] and by Theorem [2] we 
see that there exist r ^ and Vr c Mr hypersurface given by: 

(q{L3L)=0 
I 2 t^x.P"^ = 

such that the projection pv^ : Vr is genericahy smooth and, given gv^ '■ Vr 

P**, gy^{rj) is the complete intersection of Hr with a hypersurface of P** of degree s 
and it is such that 5y^(f?)rcd = R over k(r]). This means that to ^ p*" — 1. 

Let U c Vr he the subscheme where pv;. is not smooth. Then by Proposition [3] 
we see that: 

(5) ^^y.ny(./|-./||.,^0,...,4). 

By proceeding as in [Ij Theorem 1.2, Step 3] we see that U ^Tr, dimC/ = 5 and 
we have for some 6 > 0: 

(6) nv^/p4 ^Mr/v^ ^ ®eMr ^ s) 0, 

with yu\Vr ideal sheaf of U. 

Restricting ^ to H, by Proposition [2] we get a surjective map F^*nH{p^) ®e„ 
On —>■ '^e\r{s), with J^E\R <^ ^R ideal sheaf of the 1-dimensional scheme E = 
U n g^ (f?)red- Note that E ^ Tr n gj.^ {ri)rcd = Y- The kernel of the map 
F^*Qh{p^) -^e\r{s) is the sheaf ^ that determines the exact sequence dU and 
it is torsion free and normal and so it is reflexive. Moreover, by ([S]) we get 

where q\H = /, and so the statement is proved by taking fi = |f-|// for any 
i = 0,...,4. ' □ 

Now we can prove the first main result of the paper. 
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Theorem 3. Let a be a sporadic zero of degree s and order m and let p < s. 
Suppose that h^^x{s) = 0. Then: 

(1) if s ^ 2rn + 3, we have d ^ s^— s+p" + l, with p" ^ m + 1 andp"^^^ > to + 1; 

(2) if s ^ 2m + 2, we have d ^ s"^ . 

Proof. By Proposition [5] we can suppose that h^^Y{s) = 1 and /i°J^z(s) = 2. In 
particular, if s ^ 2m + 2, we get the conchision. So we suppose that s ^ 2m + 3 
and we also see that the surface R of degree s containing Y that can not be lifted 
to a hypersurface of degree s containing X is integral. Let Ij^ = (/) in H be the 
ideal of R. 

By Lemma [1] we see that there exist r e N with p*" ^ m + 1 and fi e H^&'h{s) 
for i = 0, . . . , 4 such that the subscheme of H associate to the ideal (/, fj — 
Xj^ fi\H,i,j = 0, ...,4) is a 1-dimensional scheme E, which can have isolated or 
embedded 0-dimensional schemes, such that Y c E c R. Moreover, there exists a 
reflexive sheaf of rank 3 such that we have the exact sequence: 

(7) 0^,yV ^F-*nH{pn^yE\R{s)^0, 

being J^e\r the ideal sheaf of E. We want to prove that d ^ s^ — s + 1 +p^. 

Note that Ci (./K) = —p"^ — s and 

(8) C2(.yr) = s"" +p'-s+p^'- -degE. 

So we see that if ,yK is semistable, by the Bogomolov inequality for semistable 
reflexive sheaves and by the fact that degi? ^ degl" = degX we get the statement. 
So we can suppose that ^ is unstable. Moreover by Theorem [T^nd by Proposition 
[T]we can suppose that AHz{s + i) = s — i — 1 ior any i ^ p^. Given g e H^ffxis) 
such that f\K and g are generators of Iz in degree s, by [HI Proposition!. 4] we see 
that f\K and g are the only generators of Iz in degree s+p^ . By this assumptions 
we will get a contradiction. 
Restricting ([7]) to if we get: 

(9) ^ ^ F-*^Ik{p^) ®eK^ ■^Er.K\Rr.K{s) - 0. 

Since N is unstable of rank 3, F'^*VLh{p'') is stable and ci{F''*VLh{p'')) = -p"" < 0, 
the maximal destabilizing subsheaf ^ of ,yV has rank at most 2 and ci(^) < 0. By 
[l2l Theorem 3.1] we see that F\k is still semistable and so it must be h^.vV\K = 0. 
By dH) we see that h^J^EnK\RnK{s) ^ 1, which implies that h^J^EnK{s) ^ 2 and, 
since E nK ^ Z and h^J^zis) = 2, we get that H°JEr,K{s) = 2. Since i? n if is 
integral of degree s and RnK^EnK,we see that deg(i? n K) ^ s^. 
Recall that for any i,j = 0, . . . , 4: 

X^''''^J - xfhU 6 H'^yEis+p'^) ^ X^P^'fj - x/f,\K 6 H^" .J?z{s + p') 

where p^ ^ m + 1. By the assumption that f\K and g generate Iz in degree ^ s +p'" 
we can say that: 

Xi^ fj - fi\K = hijf\K + kjg, 
for some hij,lij e H^&k{p^)- So: 

(10) E^^K = V{f\K^^Jg\i.3=G,.■.A)■ 

So E n K contains the complete intersection of 2 curves of degree s V{f\K,g), but 
we have seen that deg(£' n K) ^ s^. This implies that E n K is the complete 
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intersection V{f\K,g) and so -^Er,K\Rr,K = ^RnK{—s)- So by (0) we have: 

(11) 0^^\K^F-^nK{p')®ffK^^RnK^O. 

By the fact that h^,y\^\K = 0, that R n K \s integral and by the commutative 
diagram: 



> > Gk > 

> .^\k > F^*^K{f) ® > ^flnK > 



we get the exact sequence: 

(12) o^^K(-s)^^k^F'-*f^K(p'')^0. 
By the exact sequence: 

^ F-^^Kif) ^ ^f' - &K(f ) ^ 

and by the fact that p'' ^ m + 1 < | we see that Y,yA}{F'-*?LK{v'),GK{-s)) = 
and so J/\k = F'^*nK(p'") ® Gk(-s). Since F''*VLk{p'') is stable and: 

^i{F^*nK{f)) = -y > t^iffKi-s)) = -s, 

we see that the maximal destabilizing subsheaf of y\^\K is F^*ilK{p^)- So, since 
yy is unstable of rank 3, by [T2| Theorem 3.1] the maximal destabilizing subsheaf 
of ^ must be a reflexive sheaf ^ of rank 2 such that: 

(13) ^ F^*nK{pn. 

So, being ^ the maximal destabilizing sheaf of ^ , we have the following commu- 
tative diagram: 
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^t(-s) 



where J^t is the ideal sheaf in _ff of a zero-dimensional scheme T and =S is a 
rank 1 sheaf such that ci{^) = 0. Since Q\k ^ ^k, ^ must be torsion free and so 
^ = J^w for some zero-dimensional scheme W . So we get: 

^ Jt{-s) ^Jw^ ^ 0, 

by which we get that W ^ 0, because h'^^yis) = 1. Moreover: 

(14) y E (n) = y E\R{n) = deg W -degT 
for any n < s and: 

(15) h^J^Eis) = h'^EiRis) = degW - degT - 1, 

because h°J'E\R{s) = 0. 

Let F E he the equidimensional component of dimension 1. Then there exists 
a sheaf J€ of finite length determining the following exact sequence: 

Then we see that h^,fE{n) = h^Kj€ for n « 0, so that by ([14]) we see that hP,Jt^ = 
degiy — degT. Moreover: 

h°yE{s) - h^J^Fis) + /i°Jr - h^yEis) + /iVf(s) = 

and so, since Y c F c E, /i"^£;(s) = /i°J^f(s) = 1 and by dTS]) we get: 

h^^Fis) = h^.fE{s) - h°Jf = -1. 

This is impossible and so we get a contradiction. □ 

Corollary 1. Let hP^Y^s) ^ and let p < s. If degX > , then h".yx{s) ^ 0. 

In the following theorem we see that for p ^ s the bound for d is indepen- 
dent on the the order of the sporadic zero a and coincides with the bound of the 
characteristic zero case (see 14] and HI?). 

Theorem 4. Let h^Jyis) # 0, h°Jx{s) = and let p ^ s. Then degX ^ 
s'^ -s + 2. 
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Proof. The proof works as in Theorem [H We just need to remark that in the case 
p ^ s it must be r = 0, which means = I. Indeed, proceeding as in Lemma [T] we 
see that we get an exact sequence: 

^ yx{s-p') ^ ^x(s) ^ yXnH,.\HAs) ^ 0, 

where J^xnH^\H^ <^ is the ideal sheaf of X n Hr- Since h^yxnH^\H^{s) ^ 
and h^^x{s) = 0, it must be h^-^xis — P^) # 0. By the fact that X is integral we 
see that it must be p*" < s and so r = and p"^ = 1. □ 

Now we show that the bounds given in Theorem |3] and Theorem 3] are sharp. 

Example 1. Let r, p, s e N such that s ^ 2p^ . Let us consider S = G^iij)"' — 2s) @ 
^p4(-p'--s)®2 and ^ = F''*f]p4(p'--s). Then, since E-^0F is generated by global 
sections, by |S] the dependency locus of a general homomorphism ip e Hom(^, 
is a smooth surface X cF^ and it is determined by the sequence: 

(16) ^ ^p4(p'' - 2s) ® i^^i-p"- - s) ^ F'-^nr^ip'- -s)^Jx^O. 
Together with: 

(17) 0^F''*f]p4(p'')^^p4 ^^p4(]5'')^0 

this implies that h^^x = 0, so that h^^x = 1 and X is connected and, being 
smooth, X is integral. Moreover, h^J^x{s) = and by a computation with Chern 
classes we see that degX = s^ — p^s + 2p'^^. 

Let iJ c P'* be a general hyperplane and let Hr cz be the nonreduced hyper- 
surface of degree p^ such that i/r|rod = H. Then, (F'')^^(iJ) = Hr- This shows 
that we have a commutative diagram: 



i 3 

p4 , p4 

So we have: 

This implies that h'^{F'^*npt{p^)\H^) ^ 1. In particular, by (fT6|) we see that 
h°^XnH^\HA^) ^ 0' so that h^Jvis) ^ 0. Moreover, by ^ and by ^ we 
see that h^J^x{s — p*" — 1) = 0. This shows that X has a sporadic zero of degree s 
and order m = p^ — I. So: 

(1) if r = and s ^ 2, then p'' = 1, m = and deg X = s^ — s + 2; 

(2) if s = 2p'' + 1, then s = 2m + 3 and degX = s^ - ^ = s^ - s + + 1; 

(3) if s = 2p'', then s = 2m + 2 and degX = s^ 

This shows that the bounds in Theorem [3] and Theorem |4] are sharp. 
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